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Abstract
We propose a vacuum condensate of mass dimension 2 consisting of gluons and
ghosts in the framework of the manifestly covariant gauge fixing of the SU(N) Yang-
Mills theory. This quantity is both BRST and anti-BRST invariant for any gauge. It
includes the ghost condensation CaC¯a proposed first in the modified Maximal Abelian
gauge and reduces to the gluon condensates (Aµ)
2 of mass dimension 2 proposed
recently in the Landau gauge of the Lorentz gauge fixing. The vacuum condensate
of dimensions 2 can provide the effective mass for gluons and ghosts. The possible
existence of such condensations is demonstrated by calculating the operator product
expansion of the gluon and ghost propagators in both gauges. Its implications to
quark confinement are also discussed in consistent with the previous works.
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1 Introduction
It is widely believed that the QCD vacuum is characterized by the vacuum condensate
and that the vacuum condensate is a key object to understand the non-perturbative
dynamics of QCD. The most famous example is the quark condensate for light quarks
(u or d):
〈0|q¯q|0〉 6= 0. (1)
The quark condensate has the canonical dimension 3. A nonvanishing value of the
quark condensate signals the spontaneous breaking of chiral symmetry.
Now we raise a question as to whether there is a vacuum condensate which is able
to signal the quark confinement. Indeed, in the gluon sector, the gluon condensate of
dimension 4:
〈0|αs(F
A
µν)
2|0〉 6= 0, (2)
has played the crucial role for suggesting the existence of nonperturbative vacuum in
the framework of the QCD sum rule [1]. Here the Capital index A runs over A =
1, · · · , N2 − 1 for the gauge group G = SU(N). The gluon condensate of dimension
4 (2) has something to do with the quark confinement, since quark confinement is
believed to be caused by a nonperturbative dynamics among gluons.
Recently, a novel type of a vacuum condensate of dimension 2, i.e., ghost conden-
sation (more precisely, ghost–anti-ghost condensation)1 [2, 3] of the type,
〈0|ig2C¯aCa|0〉 6= 0, (3)
has been proposed as a signal of quark confinement [4, 5]. Here the italic index a
runs over the same range as the Capital index A but the indices i of the Cartan
subalgebra (We call the field with the index a the off-diagonal component, while the
field with the index i of the Cartan subalgebra the diagonal component hereafter. For
G = SU(2), we choose a = 1, 2 and i = 3.) The unequal treatment of the off-diagonal
and diagonal components is a consequence of the Maximal Abelian gauge (MA) gauge.
The MA gauge is a covariant (partial) gauge fixing which restrict the original non-
Abelian gauge group G = SU(N) to the maximal torus group H = U(1)N−1. After
the MA gauge fixing for the off-diagonal gluon components Aaµ, the theory has the
residual H local gauge symmetry. In particular, we have adopted a modified version of
the MA gauge (the modified MA gauge [6]) which has several advantages compared
with the naive MA gauge [5]. The MA gauge is a unique gauge which is able to
realize the dual superconductivity [7, 8] of the QCD vacuum in the sense that it
leads to the infrared Abelian dominance [9, 10] and that it allows us to derive the
dual Ginzburg-Landau theory and the other equivalent theories, e.g., antisymmetric
tensor theory, the magnetic monopole theory, a confining string theory as low-energy
effective theories of QCD, see [4]. However, the analyses carried out so far for the
ghost condensation were in the rather heuristic level.
1 If we allow the spontaneous breaking of the ghost number QC to take place, the ghost–ghost
and anti-ghost–anti-ghost condensations are not prohibited [3]. In this paper, we assume QC |0〉 = 0.
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Soon after the works [2, 3] (but independently), the existence of another vacuum
condensate of dimension 2:
〈0|A Aµ A
A
µ |0〉 6= 0, (4)
has been stressed by Boucaud et al. [12] and Gubarev, Stodolsky and Zakhaharov [13].
Their studies are based on the conventional covariant gauge fixing of the Lorentz type,
especially they have chosen the Landau gauge α = 0 for the gauge fixing parameter.
The physical meaning of the gauge non-invariant condensate 〈(A Aµ )
2〉 has been nicely
explained by Gubarev and Zakharov [14] and a close connection to the topological
defects, i.e., magnetic monopole has been suggested. Although the quantity 〈(A Aµ )
2〉
is gauge non-invariant, the minimal value of the integrated squared potential A 2min
has a definite physical meaning. This was demonstrated by the numerical simulation
of compact U(1) lattice gauge theory where A 2min signals the quark confinement in the
sense that it is non-zero only in the strong coupling region e > ec where quark con-
finement occurs due to monopole condensation. Monopole condensation is believed
to be an essential mechanism of quark confinement also in QCD. In fact, the mag-
netic monopole dominance in the MA gauge for quark confinement (i.e., saturation
of the string tension by the magnetic monopole configuration) has been confirmed by
numerical simulation on a lattice [11]. Therefore, these results strongly suggest the
importance of dimension 2 vacuum condensates in understanding the quark confine-
ment also in QCD.
One of the purposes of this paper is to announce the results of more systematic
investigations (along the idea [3]) performed based on the operator product expansion
(OPE) [15] and the effective action derived from the Wilson renormalization group
(RG) [16], although the details will be published in a subsequent long paper [17]. The
results of these analyses show that in the MA gauge another vacuum condensate of
dimension 2, i.e.,
〈0|g2AaµA
a
µ|0〉 6= 0, (5)
together with (3) must exist in the Yang-Mills theory and that both condensates can
be responsible for quark confinement in QCD. In fact, we can show that the existence
of two kinds of the vacuum condensates of dimensions 2, i.e., (3) and (5), are consistent
with the OPE and RG. In fact, the RG analysis show that the linear combinations
of two condensates behaves as the nonvanishing masses for the off-diagonal gluons
and off-diagonal ghost (and anti-ghost) and that the masses are the invariants under
the RG. This result strongly supports the infrared Abelian dominance which has
been confirmed by numerical simulations on a lattice in the last decade. Thus both
condensates constitute basic ingredients for deriving the dual superconductor picture
of the QCD vacuum, as demonstrated in a previous paper [4].
As is well known, the Yang-Mills theory with the gauge fixing has a global sym-
metry, i.e., the Becchi-Rouet-Stora-Tyutin (BRST) symmetry and the anti-BRST
symmetry [18,19] which play the role of the substitute of the gauge symmetry which
was lost by the gauge fixing procedure. The original Yang-Mills Lagrangian does not
involve both the gluon bilinear term, Aµ ·Aµ and the ghost bilinear term C¯ ·C , since
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the inclusion of such terms in the Lagrangian breaks the gauge invariance and the
BRST invariance. Therefore, they should be generated dynamically as a quantum
effect. The vacuum condensates of dimension 2 (which is gauge dependent) does
not appear in the OPE of the gauge invariant quantity, e.g., the spectral function
Π(Q2) := i
∫
d4xeiqx〈0|T [j(x), j(0)]|0〉, where q2 = −Q2 and j(x) are local currents
constructed on the quark and gluon fields. This is a reason why the dimension 2
vacuum condensate has not been seriously discussed so far. However, the OPE of
the gauge non-invariant quantity, e.g., the propagator and the vertex function, can
involve the gauge (parameter) dependent and gauge non-invariant vacuum conden-
sate of dimension 2. Each composite operator providing the vacuum condensate, (3)
and (5), is not BRST invariant. In view of these, we guess that two types of vacuum
condensates of dimension 2 might be related to each other so that an appropriate
combination of two condensates may give a BRST invariant quantity. Another pur-
pose of this paper is to show that this is indeed the case: we propose a BRST and
anti-BRST invariant combination of dimension 2 vacuum condensates,2
O :=
1
Ω(D)
∫
dDx tr
[
1
2
Aµ(x) ·Aµ(x)− αiC (x) · C¯ (x)
]
, (6)
where Ω(D) is the volume of the D-dimensional spacetime. Here the trace is taken over
the broken generators of the Lie algebra of the original group G, i.e, G itself for the
Lorentz gauge and G/H for the partial (MA) gauge (i.e., off-diagonal components).
The BRST invariance of O is shown in Appendix. The existence of a linear combina-
tion of a number of operators with the same mass dimension and the same symmetry
is very natural from the viewpoint of the operator mixing. Moreover, we suggest
that it is an order parameter for quark confinement in the general formulation of the
Yang-Mills theory in the manifestly covariant gauge fixing. This criterion should be
compared with the well-known gauge-invariant criterion of quark confinement, i.e.,
the area law decay of the Wilson loop. It is clear that O reduces to the A 2min in the
Landau gauge α = 0. Therefore, the Landau gauge turns out to be a rather special
case in which we do not need to consider the ghost condensation.
The expectation value of O in the translational invariant vacuum yields 〈O〉 =
〈tr
[
1
2
Aµ(0) ·Aµ(0)− αiC (0) · C¯ (0)
]
〉. In the effective potential approach, this value
is obtained as the stationary point (ξ0, η0) which gives the minimum of the effective
potential U(ξ, η) written in terms of the auxiliary fields ξ and η corresponding to the
composite operators, tr
[
1
2
Aµ ·Aµ
]
and tr
[
iC · C¯
]
, respectively. In the MA gauge, it
is shown that an additional ghost condensation 〈iǫabCaC¯b〉 is necessary and hence we
need to consider three composite operators: AaµA
a
µ, iC
aC¯a and iǫabCaC¯b. Hence the
analysis becomes rather complicated, for details see [17].
2 OPE of the gluon and ghost propagators
2 Note that there is a freedom of choosing a overall factor. Therefore, only the ratio of two
coefficients in the linear combination (6) is fixed from the requirement of the BRST and anti-BRST
invariance.
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2.1 The Lorentz gauge
First, we consider the question: What is the most general Lagrangian that is a local
function of the fields, A Aµ ,B
A,C A, C¯ A and satisfies the following conditions? (1) of
mass dimension 4, (2) Lorentz invariant, (3a) BRST invariant, (3b) anti-BRST invari-
ant, (4) Hermitian, (5) zero ghost number (6) global gauge invariant, (7) (multiplica-
tive) renormalizable. Here it is implicitly assumed that the Lagrangian is restricted
to a polynomials of the fields, and that there is no higher derivative terms, since there
is no intrinsic mass scale in the Yang-Mills theory. The answer was given by Baulieu
and Thierry-Mieg [20, 21]: The Lagrangian is given by
L
tot = −
1
4
α1F
A
µνF
µνA + α2ǫµνρσF
µνA
F
ρσA
+ iδBδ¯B
(
α3A
A
µ A
µA + α4C
A
C¯
A
)
+
α′
2
B
A
B
A, (7)
where αi(i = 1, 2, 3, 4) are arbitrary constant, and δB and δ¯B are the BRST and
anti-BRST transformations. The first term is the Yang-Mills Lagrangian, the second
term is the topological term which is not discussed in this paper. The first and the
second terms are gauge invariant. On the other hand, the third and the fourth terms
are identified with the gauge fixing term, since they break the gauge invariance of
the Lagrangian. After the rescaling of the parameters into the field redefinitions, the
above result leads to the GF+FP term [22]:
LGF+FP = iδB δ¯B
(
1
2
A
A
µ A
µA −
α
2
iC AC¯ A
)
+
α′
2
B
A
B
A. (8)
The final term is allowed for the renormalizability of the total Lagrangian and is
written in the BRST exact or anti-BRST exact form, BABA = −iδB(C¯
ABA) =
iδ¯B(C
ABA). By performing the BRST and anti-BRST transformations, we obtain
LGF+FP =
α + α′
2
B ·B −
α
2
ig(C × C¯ ) ·B + B · ∂µA
µ
+ iC¯ · ∂µD
µ[A ]C +
α
8
g2(C¯ × C¯ ) · (C × C ) (9)
=
α + α′
2
B ·B −
α
2
ig(C × C¯ ) ·B + B · ∂µA
µ
+ iC¯ · ∂µD
µ[A ]C +
α
4
g2(iC × C¯ ) · (iC × C¯ ), (10)
If we impose one more condition, i.e., the FP conjugation invariance,
C
A → ±C¯ A, C¯ A → ∓C A, BA → −B¯A, B¯A → −BA, (A Aµ → A
A
µ ). (11)
the second term of (8) is excluded, i.e., α′ = 0.
When α = 0, this theory reduces to the usual Yang-Mills theory in the Lorentz
type gauge fixing with the gauge fixing parameter α′:
LGF+FP =
α′
2
B ·B + B · ∂µA
µ + iC¯ · ∂µD
µ[A ]C . (12)
This is consistent with the FP prescription.
For α 6= 0, a quartic ghost interaction exists. Therefore we must go beyond the
FP prescription. Eliminating the Nakanishi-Lautrup field B, we obtain
LGF+FP = −
1
2λ
(∂µA
µ)2 + (1− γ)iC¯ · ∂µD
µ[A ]C + γiC¯ ·Dµ[A ]∂µC
+
1
2
λγ(1− γ)g2(iC × C¯ ) · (iC × C¯ ), (13)
where we have defined λ := α + α′ and γ := α/2
α+α′
. When γ = 0 or γ = 1, the quartic
ghost interaction disappears and the Lagrangian reduces to the usual FP Lagrangian.
It is shown that γ = 0 and γ = 1 are fixed point of the renormalization group. Once
γ = 0 or γ = 1 is chosen, therefore, γ is not renormalized by quantum corrections.
Then we recover the FP Lagrangian. The FP conjugation invariance is broken in the
usual FP Lagrangian where the ghost and anti-ghost are not treated on equal footing.
In other words, the FP conjutation is recovered for α′ = 0 (or γ = 1/2 and λ = α)
by including the quartic ghost interaction even for α = 0.
We would like to point out that in the Landau gauge α = 0 (i.e., γ = 0) which
was adopted in the works [12, 13] claiming the existence of mass dimension 2 gluon
condensate, the ghost condensation can not occur. There is a fact that the Landau
gauge is a fixed point of the theory and hence we do not need to consider the ghost
condensation as far as the theory is kept on the Laudau-gauge fixed point. This is
a reason why we do not need to consider a possibility of the ghost condensation in
the Landau gauge supporting the claim of the existence of the gluon condensate (4)
alone. In the non-Landau gauges α 6= 0, the quartic ghost interaction is necessary for
renormalizability. This ghost self-interaction may cause the ghost condensation and
hence, even in the Lorentz type gauge fixing, the ghost condensation
〈0|ig2C¯ACA|0〉 6= 0, (14)
is possible in gauges α 6= 0 other than the Landau gauge. In this way, we can
understand that two kinds of mass dimension 2 vacuum condensate exist in general
in the Yang-Mills theory (and that one of them was claimed to exist earlier in the
heuristic works [2, 3]), providing a thorough understanding of this phenomena.
In the Landau gauge, the OPE of the gluon and ghost propagators have been eval-
uated, see [23–27]. First, the gluon propagator DABµν (p) := 〈0|T [A
A
µ (p)A
B
ν (−p)]|0〉
has the OPE:
(DABµν )
−1(p) ∼ C [1]ABµν (p)〈0|1|0〉+ C
[(A Cρ )
2]AB
µν (p)〈0|(A
C
ρ )
2|0〉+ C [C¯
CCC ]AB
µν (p)〈0|C¯
C
C
C |0〉
+ C [(F
C
ρσ)
2]AB
µν (p)〈0|(F
C
ρσ)
2|0〉+ C [C¯
C∂2CC ]AB
µν (p)〈0|C¯
C∂2C C |0〉+ · · · ,
(15)
where the global SU(N) invariance is assumed in addition to the Lorentz invariance.
According to the method [23, 28], the Wilson coefficient can be calculated in per-
turbation theory by equating a (2 + n)-point one-particle irreducible (1PI) Green’s
function – where two of the external legs have hard momentum and the remaining
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n external legs are assigned zero momentum – with the coefficient times an n-point
Green’s function with an insertion of the operator under study at zero momentum. It
should be remarked that the ghost condensate 〈C¯ C 〉 can not appear in this expres-
sion, since the ghost–anti-ghost–gluon vertex gfABCpµ is proportional to the outgoing
ghost momentum pµ. Hence we obtain
C [C¯
CCC ]AB
µν (p) = 0. (16)
(This is not the case in the Lorentz gauge with α 6= 0 and in the MA gauge where the
ghost condensation is expected to occur.) The result of investigations [23, 24, 26, 27]
shows that the SU(Nc) Yang-Mills theory in the D-dimensional spacetime has
(DABµν )
−1(p) = δABp2[gµν − (1− α
−1)pµpν/p
2] + ΠABµν (p), (17)
ΠABµν (p) =
2Ncg
2
(N2c − 1)D
δAB
[
D − 5− α
2
〈(A Cρ )
2〉+O
(
1/p2
)] (
gµν −
pµpν
p2
)
.
(18)
In order to satisfy the Slavnov-Taylor identity, the vacuum polarization tensor ΠABµν
must be transverse. This is indeed the case. Here, the order 1/p2 term includes the
ghost condensation 〈C¯ A∂2C A〉 and the gluon condensation 〈(FAµν)
2〉 of mass dimen-
sions 4.
Next, the ghost propagator (GAB)(p) := 〈0|T [C¯A(p)C B(−p)]|0〉 has the OPE:
(GAB)−1(p) ∼= C [1]AB(p)〈0|1|0〉+ C [(A
C
ρ )
2]AB(p)〈0|(A Cρ )
2|0〉+ C [C¯
CCC ]AB(p)〈0|C¯ CC C |0〉
+ C [(F
C
ρσ)
2]AB(p)〈0|(FCρσ)
2|0〉+ C [C¯
C∂2CC ]AB(p)〈0|C¯ C∂2C C |0〉+ · · · .
(19)
By the same reason as the above, a Wilson coefficient vanishes:
C [C¯
ACA]AB(p) = 0, (20)
and hence the ghost condensation 〈0|C¯ CC C |0〉 does not apper in the OPE in this
gauge. The explicit calculation of the Wilson coefficient yields
(GAB)−1(p) = δABp2 + ΠAB(p), (21)
ΠAB(p) =
Ncg
2
(N2c − 1)D
[
〈(A Aµ )
2〉+O
(
1/p2
)]
. (22)
Owing to gluon condensation of mass dimension 2, we find that all the gluons acquire
the nonvanishing effective mass as
m2A =
Nc
(N2c − 1)D
(α + 5−D)〈g2A Aµ A
A
µ 〉, (23)
whereas all the ghost acquire the effective mass as
m2C = −
Nc
(N2c − 1)D
〈g2A Aµ A
A
µ 〉. (24)
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Remarkably, the nonvanishing mass obtained for α = 0 in this way does not break
the BRST symmetry, since the vacuum polarization tensor is transverse and the ST
identity is always satisfied. However, the effective mass is gauge parameter dependent.
Recent numerical simulations suggest the existence of such a 1/p2 ultraviolet (UV)
correction [29]. The numerical simulations suggest the value g2R〈A
2
µ 〉R = (2.76GeV)
2
for SU(3). This value should be compared with the value 〈α
π
(FAµν)
2〉. Moreover, the
OPE of the three-gluon vertex show that the vacuum condensate of mass dimension
2 yields the UV corrections Λ2/Q2 in the QCD running coupling constant αs(Q
2):
αs(Q
2) = αs(Q
2)pert
[
1 +
g2R〈A
2
µ 〉R
4(N2c − 1)
9
Q2
+O(α)
]
. (25)
Such a correction for the coupling constant [30, 31] leads to a piece of the linear
potential σsr at short distances r → 0 in addition to the usual Coulomb-like poten-
tial −CF
αs(r)
r
with CF =
N2c−1
2Nc
. Here the string tension of the short-distance linear
potential is proportional to the the gluon condensate of mass dimension 2:
σs ∼= g
2
R〈A
2
µ 〉R. (26)
The right hand side of this equation is BRST and anti-BRST invariant (A special case
α = 0 of the operator O). So is the left hand side, i.e., the string tension of the short
string. This argument suggests that the quark confinement is already intertwined in
the UV region of QCD. Thus it is expected that the linear potential or the area law of
the Wilson loop at short distances r ≪ 1 could well be extrapolated to large distances
r ≫ 1 by including higher-order corrections up to a desired order. 3 In the case of
α 6= 0, it is easy to understand (by repeating the OPE calculation to the lowest non-
trivial order g2) that the quartic ghost interaction induces the ghost condensation of
mass dimension 2 in the OPE and hence shifts the effective mass by this contribution.
However, it is not yet checked whether the combination of two condensations of mass
dimension 2 obtained from the OPE agrees with the BRST and anti-BRST invariant
combination (6). In this sense, the Landau gauge is the most economical gauge in
the Lorentz type gauge fixing, since we do not need to worry about this issue.
2.2 The modified MA gauge
Now we turn our attention to the modified MA gauge [6],
LGF+FP = iδB δ¯B
[
1
2
Aaµ(x)A
µa(x)−
α
2
iCa(x)C¯a(x)
]
. (27)
3 In the course of preparing this paper, we noticed that the value of the gluon condensate of
mass dimension 2 in the Landau gauge of the Lorentz type covariant gauge has been evaluated by
Verschelde et al. [32] by making use of the multiplicative renormalizable effective potential for this
condensate.
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This is rewritten as
L
′
GF+FP =
α
2
BaBa +BaDµ[a]
abAµb − αgfabiiBaC¯bC i +
α
2
gfabciBbCaC¯c
+ iC¯aDµ[a]
acDµ[a]cbCb − ig2fadif cbiC¯aCbAµcAdµ
+ iC¯aDµ[a]
ac(gf cdbAµdCb) + iC¯agfabi(Dµ[a]bcAcµ)C
i
+
α
8
g2fabef cdeC¯aC¯bCcCd +
α
4
g2fabcfaidC¯bC¯cC iCd
+
α
4
g2fabif cdiC¯aC¯bCcCd}. (28)
In particular, the SU(2) case is greatly simplified as (a, b, c, d = 1, 2)
L
′
GF+FP =
α
2
BaBa +BaDµ[a]
abAµb − αgǫabiBaC¯bC3
+ iC¯aDµ[a]
acDµ[a]cbCb − ig2ǫadǫcbC¯aCbAµcAdµ
+ iC¯agǫab(Dµ[a]
bcAcµ)C
3
+
α
4
g2ǫabǫcdC¯aC¯bCcCd. (29)
A characteristic feature of the MA gauge is that it breaks the global SU(N) sym-
metry explicitly as well as the local SU(N) symmetry. However, the global gauge
symmetry is broken by the BRST-exact term, since the breaking is caused by the
gauge fixing plus Faddeev-Popov term of the form, (29). In this sense, the MA gauge
resembles the renormalizable Rξ gauge in the gauge-Higgs theory where the would-
be Nambu-Goldstone mode in the GF+FP term breaks explicitly the original global
gauge symmetry and hence the massless Nambu-Golstone particle does not appear.
For more details of the modified MA gauge, see [3, 4, 6, 33–40].
In the SU(2) Yang-Mills theory in the D-dimensional spacetime, the OPE of
the propagator in the modified MA gauge is obtained as follows (The full details
including higher order terms will be given in a forthcoming paper [17]). According
to the standard method [23, 28] and the Feynman rules [37, 38], it is shown that the
off-diagonal gluon propagator Dabµν(p) := 〈0|T [A
a
µ(p)A
b
ν(−p)]|0〉 has the OPE:
(Dabµν)
−1(p)
∼ C [1]abµν(p)〈0|1|0〉+ C
[(Acρ)
2]ab
µν(p)〈0|(A
c
ρ)
2|0〉+ C [C¯
cCc]ab
µν(p)〈0|C¯
cCc|0〉+ · · ·
= δabp2[gµν − (1− α
−1)pµpν/p
2] + iΠabµν(p), (30)
iΠabµν(p)
= δab
g2
2D
{
2 (D − 5− β) gµν +
[
4− β
(
2
α
+ 2
)
−
(
1 +
1
α
)2
(D − 1 + β)
]
pµpν
p2
}
〈(Acρ)
2〉
+ δabg2gµν〈iC¯
cCc〉+O
(
1/p2
)
, (31)
where β is the gauge fixing parameter of the Lorentz type gauge fixing for the diagonal
gluon. It is shown that C [ǫ
cdC¯cCd]ab
µν(p) = 0 up to O(g
2). Hence the mixed off-diagonal
condensation 〈iǫcdC¯cCd〉 does not appear in the OPE and hence in the effective mass
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of the off-diagonal gluons at least to this order.4 This result agrees with that of
the effective potential approach which will be reported later [17]. In the MA gauge,
the vacuum polarization of the off-diagonal gluon is not transverse, whereas that
of the diagonal-gluon is transverse owing to the residual U(1) symmetry. In other
words, the off-diagonal gluon field Aaµ and the gauge fixing parameter α receive the
different renormalization, as explicitly evaluated in [2] for SU(2) and [37] for SU(N)
at one-loop level.
The off-diagonal ghost propagator (Gab)(p) := 〈0|T [C¯a(p)Cb(−p)]|0〉 has the OPE:
(Gab)−1(p) ∼ C [1]ab(p)〈0|1|0〉+ C [(A
c
ρ)
2]ab(p)〈0|(Acρ)
2|0〉+ C [C¯
cCc]ab(p)〈0|C¯cCc|0〉+ · · ·
= δabp2 +Πab(p), (32)
Πab(p) = −〈g2(Acρ)
2〉δab +
(
−
1
2
α + β
)
〈ig2C¯cCc〉δab +O
(
1/p2
)
. (33)
Thus we can identify the effective mass of the off-diagonal gluon with a linear
combination of two vacuum condensates of mass dimension 2 as
m2A =
1 + β
4
〈g2AaµA
a
µ〉+ 〈ig
2C¯aCa〉. (34)
Similarly, the off-diagonal ghost has the effective mass given by
m2C = 〈g
2AaµA
a
µ〉+
(
1
2
α+ β
)
〈ig2C¯aCa〉. (35)
These values should be compared with those in the previous work [3].
Although we can give the arguments which are similar to those in the Lorentz
gauge given above, we do not repeat them here. Nevertheless, we shall give a comment
on the relationship of this result with quark confinement. In the previous paper [4],
we have claimed that the string tension is proportional to the off-diagonal gluon mass
(up to a logarithmic correction):
σst ∼= m
2
A. (36)
If the effective mass of the off-diagonal gluon was extrapolated to the infrared (IR)
region so the the pole mass was obtained in the gauge invariant combination, i.e.,
m2A ∼ g
2〈O〉 from the proposed operator O of mass dimension 2, the above relation
(36) could lead to the BRST invariant string tension in the gauge fixed formulation
of the Yang-Mills theory. The RG approach to this issue will be given elsewhere.
3 Conclusion and discussion
In this paper we have investigated a possibility of gluon and ghost condensation
of mass dimension 2 in the Yang-Mills theory with the manifestly covariant gauge
4 The mixed ghost condensation has a nonvanishing value 〈ig2ǫcdC¯cCd〉 6= 0 and breaks the global
SL(2, R) symmetry in the SU(2) Yang-Mills theory, see [2, 3].
9
fixings, i.e., the Lorentz gauge and the modified MA gauge. We have discussed
that the condensation of mass dimension 2 provides a mechanism of effective mass
generation of the gluons and ghosts by demonstrating their existence in the OPE of
the gluon and ghost propagators. Especially, we have proposed a BRST-invariant
combination of two vacuum condensates of mass dimension 2, which reduces in the
Landau gauge α = 0 of the Lorentz gauge to the gluon condensates of mass dimension
2 proposed recently by several authors [12,13] and include the ghost condensation in
the modified MA gauge claimed in [2, 3].
However, the gluon and ghost propagators are not BRST invariant. Therefore,
there is no guarantee as to whether a linear combination of the vacuum condensates
derived by the OPE can be BRST invariant or not. The RG approach can connect
the UV region to the infrared (IR) region by successive integration of high-energy
modes in a systematic way. Anyway, this point clearly warrants further studies.
The existence of mass dimension 2 vacuum condensate can shed more light on
clarifying the mechanism of color confinement from a nonperturbative point of view.
The interplay between the chiral symmetry breaking and the quark confinement can
also be discussed by including the quarks into the above formalism. The OPE result
obtained in this paper can provide a good starting point for the Schwinger-Dyson
equation approach to clarify a non-perturbative features of QCD.
A BRST invariance of the proposed operator O
For the Yang-Mills gauge theory, the BRST transformation is given by
δBAµ(x) = Dµ[A ]C (x) := ∂µC (x) + g(Aµ(x)× C (x)), (1a)
δBC (x) = −
1
2
g(C (x)× C (x)), (1b)
δBC¯ (x) = iB(x), (1c)
δBB(x) = 0, (1d)
whereAµ,B,C and C¯ are the gauge field, the Nakanishi-Lautrap (NL) auxiliary field,
the Faddeev–Popov (FP) ghost and anti-ghost fields respectively. Another BRST
transformation, say anti-BRST transformation [19]), is given by
δ¯BAµ(x) = Dµ[A ]C¯ (x) := ∂µC¯ (x) + g(Aµ(x)× C¯ (x)), (2a)
δ¯BC¯ (x) = −
1
2
g(C¯ (x)× C¯ (x)), (2b)
δ¯BC (x) = iB¯(x), (2c)
δ¯BB¯(x) = 0, (2d)
where B¯ is defined by
B¯(x) = −B(x) + ig(C (x)× C¯ (x)). (3)
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Here we have used the following notation:
F ·G := FAGA, F 2 := F · F, (F ×G)A := fABCFBGC , (4)
where fABC are the structure constants of the Lie algebra G of the gauge group G.
A.1 Lorentz gauge
We consider only the α′ = 0 case. By eliminating the Nakanishi-Lautrap field B, the
on-shell BRST and anti-BRST transformations are obtained as
δBC¯ (x) = −
i
α
∂µAµ(x)−
1
2
gC (x)× C¯ (x), (5)
δ¯BC (x) = +
i
α
∂µAµ(x)−
1
2
gC (x)× C¯ (x). (6)
The BRST transformation of the operator O is calculated as
δBO = (Ω
(D))−1
∫
dDx δB
[
1
2
A
A
µ (x)A
µA(x)− αiC A(x)C¯ A(x)
]
= (Ω(D))−1
∫
dDx
[
A
A
µ (x)δBA
µA(x)− αiδBC
A(x)C¯ A(x) + αiC A(x)δBC¯
A(x)
]
= (Ω(D))−1
∫
dDx∂µ(A Aµ (x)C
A(x)). (7)
The anti-BRST invariance is also shown in the similar way. Moreover, the vacuum
expectation value of δBO is zero owing to the translational invariance of the vacuum,
〈0|δBO|0〉 = 〈0|[iQB,O]|0〉 = (Ω
(D))−1
∫
dDx∂µ〈0|Aµ(x) · C (x)|0〉 = 0, (8)
in agreement with QB|0〉 = 0.
A.2 Modified MA gauge
In the modified MA gauge, the on-shell BRST and anti-BRST transformation is given
by
δBC¯
a(x) = −
i
α
Dabµ [a(x)]A
µb(x) + igfabiiC¯b(x)C i(x) +
i
2
gfabciCb(x)C¯c(x), (9)
δ¯BC
a(x) = +
i
α
Dabµ [a(x)]A
µb(x) + igfabiiCb(x)C¯ i(x) +
i
2
gfabciCb(x)C¯c(x), (10)
where Dabµ [a] := ∂µδ
ab − gfabiaiµ. If we calculate the BRST transformation of the
operator O, all the trilinear terms in the field coming from the BRST transformation
cancel to obtain a simple result,
δBO = (Ω
(D))−1
∫
dDx δB
[
1
2
Aaµ(x)A
µa(x)− αiCa(x)C¯a(x)
]
= (Ω(D))−1
∫
dDx∂µ(Aaµ(x)C
a(x)). (11)
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